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It is shown that the category Chy of Cauchy spaces is a Cartesian closed topological category. 
Hence quotient maps in Chy are finitely productive. Examples are provided which show that 
quotient maps in Chy are neither countably productive nor hereditary. The main tool for the 
above positive and negative results is a characterization of quotients in Chy. 
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In the last fifteen years, Cauchy spaces have been studied as a setting for 
constructing completions. As an application, one obtains the completion of a uniform 
space and, a fortiori, the compactification of a proximity space. Moreover, various 
extensions of topological spaces can be realized as certain Cauchy space completions 
[9, 10, 12, 13, 141. Of course, Cauchy spaces arose historically as a generalization 
of convergence spaces, which are themselves a generalization of topological spaces 
[g, 111. 
Analysts often prefer to work with convergence spaces instead of topological 
spaces. Perhaps the single primary reason for this preference is the fact that the 
category of convergence spaces is Cartesian closed [2] (i.e. has convenient function 
space objects) whereas the category of topological spaces is not. 
In this paper, we will show that the category of Cauchy spaces is Cartesian closed. 
Thus, in situations where completeness is not germain, or when relationships between 
a space and a completion of it is of interest, Cauchy spaces can be a worthwhile 
tool and can be as important as convergence spaces have been to analysts and 
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topologists. In fact, we are inclined to view them as more important than convergence 
spaces because of their greater generality and their applicability to the study of 
completeness while still being Cartesian closed. 
Cartesian closedness of the category of Cauchy spaces implies that finite products 
of quotients are quotients [4]. We will give an example showing that this result does 
not hold for infinite products. Also we give an example that quotients are not 
hereditary in the category of Cauchy spaces. 
The authors have under preparation a paper on Cauchy spaces vis-a-vis their 
relationships to merotopic and nearness spaces. In fact, Cauchy spaces can be 
viewed as certain merotopic spaces, and it was by studying Cauchy spaces in this 
way that the category of Cauchy spaces was found to be Cartesian closed. But here 
we will present a proof of that fact which does not involve viewing Cauchy spaces 
as merotopic spaces: the above mentioned study of Cauchy spaces, merotopic spaces, 
and nearness spaces will be published elsewhere. 
One must be careful when discussing convergence spaces and Cauchy spaces 
since different axiom systems are in use by various authors. For that reason, we will 
define our terms in full. 
We use the following convenient notations: if ti is a collection of subsets of X then 
stack& = {F c X 1 for some A E ~2, A c F}. 
In particular, if d is a filter base on X then stack& is the filter on X generated 
by&.Iff:X+YisamapandAcXthen 
0 = {f(a) I a E 4. 
If F is a set of maps X+ Y and AcX then 
FA = {f(u) lf~ F and a E A}. 
If 9 is a collection of sets of maps X + Y and d is a collection of subsets of X then 
9sd={FA(FES and AE~}. 
If 9 = {{f}} then we write f_& = 9&, i.e. 
A Cauchy space is a set X endowed with a structure consisting of a distinguished 
set of filters, called Cauchy jilters, on X subject to the following axioms: 
(Cl) for all XEX, f={AcXIx~A}=stack~{{x}} is a Cauchy filter on X. 
(C2) If 9 is a Cauchy filter on X and % is a filter on X with 9~ 59, then ?I is 
a Cauchy filter on X. 
(C3) If 9 and 3 are Cauchy filters on X and if every member of 9 meets every 
member of 97, then 9n ie is a Cauchy filter on X. 
A map f: X + Y between Cauchy spaces is said to be Cauchy continuous, provided 
stack,fS= {B c Y 1 for some FE 9, fF c B} 
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is a Cauchy filter on Y whenever 9 is a Cauchy filter on X. The concrete category 
of all Cauchy spaces and all Cauchy continuous maps between such is denoted by 
Chy. Chy is a topological category and, consequently, Chy is complete and co- 
complete; in particular, Chy has products, coproducts, subspaces, and quotients. 
We need to have available explicit descriptions of products, subspaces, and quotients 
in Chy, so we present these here. 
1. Proposition. If (Xj)it[ is a family of Cauchy spaces then their Chy product is the 
product set 
17xi = n xi 
ieI 
endowed with the structure dejined by: a filter 9 on 17Xi is Cauchy i#for all iE I, 
pr,9 = {pr,F 1 F E S} 
is a Cauchy jilter on Xi. (Here pri : IIXi + X, denotes the canonical projection map.) 
The proof of the above proposition is straightforward and will be omitted. One 
must check that the given definition of Cauchy filter on UXi makes ITX, a Cauchy 
space. It then follows readily that 17X, is the categorical product for Chy. 
2. Proposition. If Y is a Cauchy space and X is a subset of Y then the Chy subspace 
structure on X is the structure de$ned by: 
A jilter 9 on X is Cauchy if stack,9 is a Cauchy jilter on Y 
3. Proposition. If X is a Cauchy space and f: X + Y is a surjective map then the Chy 
quotient is the set Y endowed with the structure defined by: 
A jilter 9? on Y is Cauchy if there exist Cauchy jilters 4,) . . . , Fn in X such that 
every member off ( gi) meets every member off ( 9,+1) for every i = 1, . . . , n - 1 and 
such that %~3f(Sl)n.. .nf(Sn). 
Proof. That the given structure defined on Y satisfies (Cl) and (C2) is clear. 
To show (C3) let 9i,. . . , TF,, be Cauchy filters on X such that every member of 
f(gi) meets every member off(~i+,) for i=l,...,n-1 and si,...,Sk Cauchy 
filters on X such that every member of f( 9:) meets every member of f( .Fj+,) for 
j=l,..., m-l. Let 
3xf(F,)n. . .nf(S,,) and F?‘xf(s;)n.. .nf(9;) 
and suppose every member of $9 meets every member of $7. Then there exist 
kE{l,..., n} and l~{l,..., m} such that every member of f( Fk) meets every 
member off (9;). Since 9 n 97 contains 
f(sAn. * *nf(P~)nf(9~-,)n. * .nf(.Fk)nf(9i) 
nf(9i-l)n.. .nf(5F{)n.. *nf(SL) 
it follows that C!Jn 59’ is Cauchy on Y. 
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Next we prove that this structure is a quotient in Chy. Let Z be any Cauchy space 
and let g : Y+ Z be a map such that g 0 f is Cauchy continuous. Let $9 be any 
Cauchy filter in Y. Then there are Cauchy filters 9, . . . S,, in X such that every 




stach(f(9d), . . . . sta&s(f(~,J) 
are all Cauchy filters in Z. Moreover every member Of g( f (Si)) meets every member 
of g(f(Si+,)). It follows that 
~tacka(f(~~))~~ * *nstackzg(f(~n)) 
is a Cauchy filter in Z and therefore so is the finer filter stack,g( 3). q 
If A is a category with finite products, then an A-object A is called exponential 
in A provided the functor 
Ax_: A+A 
has a right adjoint (denoted by _A; the objects of the form BA are called power 
objects). A is called Cartesian closed provided each of its objects is exponential in 
A. We mention that in a Cartesian closed category, the natural equivalence 
C AxB,(CB)A 
holds. In case A is a topological category with forgetful functor U: A+ Set then A 
is Cartesian closed iff for all A-objects A, B there exists an A-object BA with 
U(BA) = Mor,(A, B) 
such that the evaluation map 
ev: AxBA+B 
defined by ev( a, f) = f (a) is couniversal with respect to A x _. For additional infor- 
mation on Cartesian closedness and for references to the literature, see Herrlich [4,5]. 
We are now ready for our main result. 
4. Theorem. Chy is Cartesian closed. 
Proof. For Cauchy spaces X, Y we define the Chy-power Yx as the set 
Mor,,,(X, Y) 
(which we abbreviate as Mor(X, Y)) endowed with the structure: a filter 9 on 
Mor(X, Y) is Cauchy on Yx iff for every Cauchy filter S! on X the filter stackyS% 
is Cauchy on Y. (Note: this structure is related to the function space structures used 
in [l], [3], and [7].) We must check that Yx is indeed a Cauchy space. 
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If f: X + Y is Cauchy continuous then stack.fx = stack.f% is a Cauchy filter 
on Y for each Cauchy filter ZK on X and it follows that f is a Cauchy filter on Yx. 
Consequently, (Cl) is satisfied. 
Let 9 be a Cauchy filter on Yx and let 54 be a filter on Yx with 9~ 9. For each 
Cauchy filter Z on X we have 9%‘~ %4?’ which implies stack&ZC stack,, ‘9% and 
since stack,?% is a Cauchy filter on Y, so is stack.%%?. Therefore (C2) is satisfied. 
If 9 and 9 are Cauchy filters on Yx such that every member of 9 meets every 
member of 9 and if 2 is a Cauchy filter on X, then clearly every member of 
stack$%? meets every member of stack.%%?. Therefore 
(stackY9%) n (stack,%%‘) 
is a Cauchy filter on Y and, since this latter filter is a subset of 
stack,(9n %)%, 
this filter is also a Cauchy filter on Y. Therefore, Sn Ce is a Cauchy filter on Yx 
and it follows that (C3) is satisfied. 
This completes the proof that Y x is a Cauchy space. In order to complete the 
proof of the theorem, we must show that the evaluation map 
ev: XXYx+Y 
is couniversal with respect to X x _. This assertion breaks up into two parts: 
(1) The evaluation map ev: X x Yx + Y is Cauchy continuous. 
(2) For arbitrary Cauchy spaces X, Y, 2 and Cauchy continuous map f: X x 2 + 
Y, the transpose f *: Z + Yx is Cauchy continuous where f * is defined by 
(f*(z))b)=(f(x, z)). 
In order to verify (l), let 9 be a Cauchy filter on X x Yx. Let x= pi-,?73 and 





are the canonical projection maps. %’ is Cauchy on X and 9 is Cauchy on Yx. 
Therefore, stack+%% is Cauchy on Yx. Clearly, 
stack$SWc stack,(ev W) 
and it follows that stacky(ev 33) is a Cauchy filter on Yx. Hence ev is Cauchy 
continuous and (1) is true. 
In order to verify (2), let X, Y, 2 be Cauchy spaces and let f: X x 2 + Y be a 
Cauchy continuous map. In order to show f * is Cauchy continuous, let 93 be a 
Cauchy filter on 2 and, for simplicity, write 
s=stack,x(f*?B). 
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We must show 9 is a Cauchy filter on Yx and, for that purpose, let Z-‘? be a Cauchy 
filter on X It follows from Proposition 1 that 
is a Cauchy filter on X x Z. Since f is Cauchy continuous, stack,f( %‘x 93) is a 
Cauchy filter on Y; it is a subset of the filter stack,%% and hence this latter filter 
on Y is also Cauchy. Therefore 9 is a Cauchy filter on Yx and so f * is Cauchy 
continuous. This establishes (2) and the proof of our theorem is complete. Cl 
The theorem implies that finite products of quotients in Chy are quotients. Next 
we show that a countable product of quotients in Chy is not always a quotient. 
5. Example. On X = Iw+ we take the following Hausdorff topology: For x E X\lU 
the neighborhood filter y(x) is equal to i. For XEN the neighborhood filter y(x) 
is equal to the neighborhood filter in the usual topology on R+. A filter on X is 
defined to be a Cauchy filter iff it converges in the above topology. This collection 
of Cauchy filters clearly determines a Cauchy space X. We make the following 
identification: For n > 2 the point l/n is identified with 1 - l/n, 1 + l/n is identified 
with 2 - l/n, and so on. 
Let Y be the corresponding quotient space in Chy and let f :X+ Y be the 
corresponding quotient map. For each n E N let 
fn .f 
x,- Y,=X- Y. 
We want to show that the product map rrrf, :17X,, + IIY,, is not a quotient map in 
Chy. For this purpose, consider the filters 
%o’f(Y(O)), 
ye, =f(r(O))nf(r(l)), 
% =f(r(o)) n. * * nf(r(n)), 
Since these are Cauchy filters on Y, the filter 
59 = stack{lllC;, ) (G,,) E IF&,) 
is a Cauchy filter on IIY,,. If IJrfn : ITX,, +I7Y,, were a quotient in Chy, there would 
exist finitely many Cauchy filters F1,. . . , 9,,, on ITX, such that 
(~fm)(~*) n . . -n(Irfti)(Fm)C cc2 
Hence, if we denote for each k E N the image of si under the kth projection I;Ix, + X, 
by SF, we would obtain 
fW)n- . *nf(.Fk)C Sk 
H.L. Bentley et al. / Cauchy spaces 111 
and consequently 
j(s:n. * * n s;,c Sk. 
WenowfixkENwithk>m.ForeachjE{l,..., m}, let xj E X such that .$‘= r(xj). 
Let 
L={jE{l,..., m}jx,EX-N}. 
Nowwedefine F,~Sfforj~{l,..., m} as follows: If xj E X -N, then let 4 = {x,}. 
If x, E N, then let Fj = (x, - 6, x, + 6) n Iw+ where 6 = 4. Note that 
ijf(F,)Ffif(&?e %k. 
j=l j=l 
Therefore, for each p E (0, . . . , k}, there exists VP E y(p) such that 
Let 
A= b f-‘fO’-J and B= Gf-'f(F,). 
p=o .I= 1
Then A c B. Now observe that there exists E with 0 < F <i such that 
[o, e)u ?J(p-e,p++A. 
p=l 
But then 
[O,E)U ij(p-“>~++B p=, 
which implies that k < m and this is a contradiction. Hence 17fn : L'X,, + IlY, is not 
a quotient map in Chy. 
The next example shows that quotients in Chy are not hereditary. The same 
example was used by Herrlich in [6] in order to prove that neither in Top itself, 
nor in any non-trivial topological subcategory of Top, are quotients hereditary. 
6. Example. On the set {a, b, c, d} with four different points, we take the topology 
with neighborhood filters 
r(a) = r(b) = stack{{a, b]], y(c) = y(d) = stack{{c, d}}. 
A filter is a Cauchy filter if and only if it converges in this topology. These Cauchy 
filters determine a Cauchy space X. We make the identification of b and c. Let 2 
be the Chy quotient and f: X + Z the quotient map. Every filter on Z is a Cauchy 
filter. Take the Chy subspace on Y = {f(a),f(d)}. Then clearly Y is not the Chy 
quotient off-‘(Y). 
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